Abstract The paper considers a general concept of dichotomy with different growth rates for linear discrete-time systems in Banach spaces. Characterizations in terms of Lyapunov type sequences of norms are given. The approach is illustrated by various examples.
N.M. Seimeanu in [26] studied connections between different concepts of polynomial dichotomy.
A natural generalization of both exponential and polynomial dichotomy is successfully modeled by the concept of (h, k)− dichotomy introduced by M. Pinto [20] for invertible difference equations. Two years later M. Megan ([17] ) developed his research and lately the concept was intensively studied in its various forms: uniform and nonuniform, strong and weak [5, 11] . In this paper we consider the general and more realistic case of a non-invertible dynamics as well as of a nonuniform (h, k)− dichotomy (this concept is a generalization of a dichotomy concept studied by L. Barreira and C. Valls in [7] ). Both notions are ubiquitous in ergodic theory.
Our approach consists in reducing the study of the dynamics to one with uniform behavior with respect to a sequence of norms. This allows one to take profit of the existing theory and methods for a dynamics with a uniform behavior in order to transfer some of the information to the original dynamics.
It is difficult to indicate an original reference for considering sequences of norms in the classical uniform theory (both for discrete and continuous time), but in the nonuniform theory it first occurred in Pesin's work [24] . L. Barreira, D. Dragičević and C. Valls [7] obtained characterizations of the concept of exponential dichotomy in terms of admissibility using characterizations with sequences of norms. Our characterizations of (h, k)− dichotomy with respect to a sequence of norms is motivated by their approach and it is in the same time a generalization.
The aim of this paper is to give characterizations of the concept using sequences of norms. The most important result is the equivalence between the concept of (h, k)− dichotomy and a certain type of uniform (h, k)− dichotomy with respect to a sequence of norms. As an application of this result, we give a characterization of Barbashin type for the concept and necessary and sufficient conditions of Datko type (see also [19] ).
Definitions, examples and counterexamples
Let X be a Banach space and B(X) the Banach algebra of all bounded linear operators on X. The norms on X and on B(X) will be denoted by · . The identity operator on X is denoted by I. We also denote by
where N denotes the nonnegative integers.
We consider the linear difference system
where A : N → B(X) is a given sequence. For (m, n) ∈ ∆ we define:
Definition 1. The map A : ∆ → B(X) defined above is called the evolution operator associated to the system (A).
Remark 1.
If the sequence (x m ) is a solution of (A), then
Definition 2. A sequence P : N → B(X), P(n) = P n , for all n ∈ N is called 1. projectors sequence on X if P 2 n = P n for all n ∈ N; 2. invariant for (A) if A n P n = P n+1 A n , for all n ∈ N; 3. strongly invariant for (A) if is invariant and the restriction of A n m to Ker P n is an isomorphism from Ker P n to Ker P m .
Example 1. If a sequence P : N → B(X) is a projectors sequence invariant for (A), then the sequence Q : N → B(X) given by
is also a projectors sequence invariant for (A), called the complementary projectors sequence of (P n ). The map B is called the skew-evolution operator associated to the pair (A, P).
Remark 2. It is easy to see that (P n ) is invariant for (A) if and only if
Proof. See [3] . ⊓ ⊔ 
is the complementary sequence of (P n ).
Remark 4.
As particular cases of (h, k)-dichotomy we have: 
, but the reverse is not always true, as it results from the following example.
Example 2. Let X = R 2 endowed with the norm (x 1 , x 2 ) = max{|x 1 |, |x 2 |} and the dynamical system (A) defined by the sequence
where a, h, k : N → [1, ∞) are growth rates and the sequences of projectors P, Q : N → B(X) are given by
It follows that the evolution operator associated to the system (A) is
We observe that
and we obtain that the complementary sequences of projectors (P n ), (Q n ) are invariant for the system (A). From
If we assume that the pair
Taking n = 0 and m → ∞ it results a contradiction.
A first result is the characterization of (h, k) − d. with strongly invariant sequences of projectors.
if and only if there exists a nondecreasing sequence s
Proof. Necessity:We assume that the pair (A, P) is (h, k) − d. with (P n ) strongly invariant for (A). We have that:
By Remark 3 we obtain the implication (kd 1 ) ⇒ (kd 2 ) .
Sufficiency: The implication (hd 2 ) ⇒ (hd 1 ) results by replacing x with P n x.
The implication (kd 2 ) ⇒ (kd 1 ) results by Remark 3 for d n = s n .
for all (n, x) ∈ N × X, where (Q n ) is the complementary projectors sequence of (P n ).
Remark 6. A sequence of norms N 1 = { | · | n , n ∈ N} is compatible with the sequence of projectors (P n ) if and only if there exists a nondecreasing sequence c 1
Proof. Necessity: We only have to prove the right side of (4). By (5) there exists a nondecreasing sequence c 1 n ≥ 1 such that
for all (n, x) ∈ N × X. Sufficiency: From inequalities (4) there exists a nondecreasing sequence c n ≥ 1 such that
for all (n, x) ∈ N × X is compatible with (P n ).
Indeed taking p = m = n in (6) we have that
From Theorem 1 there exists a nondecreasing sequence s : N → [1, ∞) such that the inequalities (hd 2 ), (kd 2 ) hold. If we replace x by P n x in (hd 2 ), respectively by Q n x in (kd 2 ) we obtain that
for all m ≥ n ≥ p ≥ 0 and thus we have
In conclusion the Definition 5 is satisfied for c n = s n .
Further we will give a characterization of the concept of (h, k) − d. using sequences of norms compatible with (P n ), which is an equivalence between the (h, k) − d. and a certain type of u.
In general the uniform and nonuniform concepts are not the same (see Example 2).
Theorem 2. Let (P n ) be strongly invariant for the discrete system (A). The pair
if and only if there exists a sequence of norms
Proof. Necessity:
Let (A, P) be a pair which is (h, k) − d. with (P n ) strongly invariant for (A). By Example 3 there exists a sequence of norms N 1 = { | · | n , n ∈ N}, given by (6), compatible with (P n ). We only have to prove the two inequalities. By the fact that (P n ), (Q n ) are orthogonal, replacing x by P n x or Q n x in (6) and since [m, ∞) ⊆ [n, ∞), [0, n] ⊆ [0, m] for all (m, n) ∈ ∆ we obtain that:
We assume that there exists a sequence of norms N 1 = { | · | n , n ∈ N} compatible with (P n ) such that the inequalities (hd 3 ), (kd 3 ) hold. According to the Theorem 1 we only have to prove that the inequalities (hd 2 ), (kd 2 ) hold. By Definition 5 we have that there exists a nondecreasing sequence c n ≥ 1 such that (4) are satisfied. Thus we obtain that:
Theorem 3. Let (P n ) be strongly invariant for the discrete system (A). The pair (A, P) is (h, k) − d. if and only if there exists a sequence of norms
for all (m, n, x) ∈ ∆ × X, where (Q n ) is the complementary projectors sequence of (P n ).
Proof. Necessity: It results by Theorem 2 and by the fact that
and also 
compatible with (P n ) and the real constants α, β > 0 such that
Corollary 2. Let (P n ) be strongly invariant for the discrete system (A). The pair (A, P) is p.d. if and only if there exist a sequence of norms
Definition 6. We say the pair (A, P) has (h, k)-growth (and we denote by (h, k)− g.) if there exists a nondecreasing sequence
Remark 7.
As particular cases of (h, k)-growth we have:
For h m = e αm , k m = e β m where α, β > 0 it results the exponential growth concept, denoted by e.g.
3.
If h m = (m + 1) α , k m = (m + 1) β , where α, β > 0 then we obtain the polynomial growth denoted by p.g.
The following example will emphases that the reverse is not always true.
Example 4. We consider the Banach space X = R 2 endowed with the norm (x 1 , x 2 ) = max{|x 1 |, |x 2 |} and let the projectors sequences P, Q : N → B(X) given by Example 2. We consider the dynamical system (A) generated by the sequence A n given by
with h, a ∈ H and k : N → [1, ∞) a growth rate. It follows that the evolution operator associated to the system (A) is given by
It follows that Definition 6 is satisfied for g n = 1 + lna n . If we assume that the pair (A, P) is (h, k) − d. then there exists a nondecreasing sequence d n ≥ 1 such that:
Taking n = 0 and m → ∞, since h, a ∈ H we have
which is absurd.
Remark 9.
If the pair (A, P) has u. − (k, h) − g. then it has (h, k) − g.. The reverse of this statement is not always valid.
Example 5. We consider the pair (A, P) given by the Example 4 and we have that it has (h, k) − g. If we assume that the pair has u. − (h, k) − g. then there exists a constant M ≥ 1 such that
Taking n = 0 and m → ∞ we obtain a contradiction.
The following theorem gives a characterization of the (h, k)-growth property with strongly invariant projectors. 
is the complementary projectors sequence of (P n ).
Proof. Similar to the proof of Theorem 1. ⊓ ⊔ We will give another example of a sequence of norms compatible with (P n ).
Example 6. If the pair (A, P) has (h, k) − g. then the sequence of norms N = { · n , n ∈ N} given by
Indeed taking p = m = n in (7) we have that
From Theorem 4 there exists a nondecreasing sequence g : N → [1, ∞) such that the inequalities (hg 2 ), (kg 2 ) hold. Thus we obtain that:
We obtain from Remark 6 that the sequence of norms N is compatible with (P n ).
Further we will give another characterization of the concept of (h, k)-dichotomy with sequences of norms compatible with (P n ). 
is the complementary sequence of (P n ). 
2 ) (m + 1) β B n m Q m x n ≤ s m (n + 1) β x m , for all (m, n, x) ∈ ∆ × X, where (Q n ) is the complementary sequence of (P n ).
Applications to characterizations of (h, k)− dichotomy with sequences of norms
The aim of this section is to provide a characterization of the concept with Barbashin type theorem and necessary and sufficient conditions of Datko type (for exponential case see [21] and the reference therein), with sequences of norms. We denote byH the set of growth rates h : N → [1, ∞) for which there exist a sequenceh : N → (0, ∞) and a constant H ≥ 1 such that
It is easy to see that if h is an exponential rate (i.e. h n = e αn with α > 0) or a polynomial rate (i.e. h n = (n + 1) α with α > 0) then h ∈H.
for all (m, n, x) ∈ ∆ × X.
Proof. By Theorem 3 and the inequalities (5) it follows that there exists a nondecreasing sequence c 
